One aim of Pradines' work was to incorporate in Mon(G) the above Monodromy Principle on the extension of local morphisms. For this reason his aim is to follow [16] in using quotients of free constructions, but generalising from groups to groupoids. A problem then became to determine the appropriate topology on Mon(G), and for this he required a holonomy construction, even though in this case the holonomy was trivial.
In 1981, Pradines explained the details of the constructions used in [27] to Brown on the occasion of the latter's visit to Toulouse, and with approval the holonomy construction in [27, Thèoreme 1] was worked out in detail in the thesis [1] and published in [2] .
A full account of the monodromy construction from [27, Thèoreme 2] , and its application to the monodromy principle, was given in [23] and published in [10] (see also [11] ).
This emphasis on the monodromy principle account differs from other accounts of constructions of monodromy groupoids of a Lie groupoid; for example [22] takes directly universal covers of the stars, and gives a direct construction of the topology, using the fact that the stars form a foliation of a Lie groupoid, so that a previous notion of monodromy groupoid of a foliation whose main properties have been sketched can be used. However there is no mention of the monodromy principle.
Let G be a topological groupoid such that the stars G x , the fibres of initial point maps of the groupoid, are path connected and have universal covers. Let Mon(G) be the disjoint union of the universal covers of the stars G x at the base points identities of the groupoid G. Then there is a groupoid structure on Mon(G) defined by the concatenation composition of the paths in the stars G x . So there is a projection map p : Mon(G) → G. In Brown and Mucuk [10] , in the smooth groupoid case including topological groupoids, the star topological groupoid and topological groupoid structures of Mon(G) are studied under some suitable local conditions. We call Mon(G), the monodromy groupoid of G.
In the locally trivial case, Mackenzie [20, pp. 67-70] gives a non-trivial direct construction of the topology on Mon(G) and proves also that Mon(G) satisfies the monodromy principle on the globalisation of continuous local morphisms on G.
In the case where G is a connected topological group satisfying the usual local conditions of covering space theory, the monodromy groupoid Mon(G) is the universal covering group, while if G is the topological groupoid X × X , for a topological space X , the monodromy groupoid Mon(G) is, again under suitable local conditions, the fundamental groupoid π 1 X . Thus the monodromy groupoid generalises the concepts of universal covering group and the fundamental groupoid. For further discussion, see [9] . In this paper we prove that if the topological groupoid G has a group-groupoid structure, then the monodromy groupoid Mon(G) is also a group-groupoid with the group structure induced by that of G. In the contents of the paper in Section 1, we remind the reader of some concepts about star topological groupoids, locally topological groupoids and topological groupoids. In Section 2 we give a review of the monodromy groupoids of topological groupoids. Section 3 is devoted to the group-groupoid structure of the monodromy groupoid Mon(G) of a topological group-groupoid G in the case where each star G x has a universal cover.
Star topological groupoids and locally topological groupoids
Let G be a groupoid. We write Ob(G) for the set of objects of G, and also identify Ob(G) with the set of identities of G.
An element of Ob(G) may be written as x or 1 x , as convenient. We write s, t : G → Ob(G) for the source and target maps, and, as usual, write G(x, y) for s −1 (x) ∩ t −1 (y), if x, y ∈ Ob(G). The composition h • g of two elements of G is defined if and only if s(h) = t(g), and so the map γ : (h, g) → h • g is defined on the pullback G s × t G of s and t. The inverse of an (x) and call it the star of G at x. We denote the set of inverses of the morphisms in W by W . The set of all morphisms from x to x is a group, called the object group at x, and denoted by
and H is closed under the partial composition and the inversion is in
A groupoid G is totally intransitive if G(x, y) = ∅ for x = y. Such a groupoid is determined entirely by the family {G(x) | x ∈ Ob(G)} of groups. This totally intransitive groupoid is sometimes called totally disconnected or a bundle of groups (Brown [3, p. 218] ).
The following definition is given in Pradines [27] . 
A star topological groupoid is a locally star topological groupoid of the form (G, G), and the notation (G, G) is then usually abbreviated to G. So a star topological groupoid is a groupoid in which the stars G x have topologies such that for each g ∈ G(x, y) the right translation
is a homeomorphism and G is the topological sum of the G x 's. A topological groupoid G defined in Definition 1.4 may be retopologised as the topological sum of its stars to become a star topological groupoid.
The following proposition shows that any locally star topological groupoid is extendible to a star topological groupoid. This is essentially a result of Pradines [27] (see also Aof and Brown [2] for each x ∈ Ob(G), the star W x of W at x is connected (resp. simply connected). So a star topological groupoid G is star connected (resp. star simply connected) if each star G x of G is connected (resp. simply connected).
We adapt the following definition as in [20] . See also [6] and [7] for some earlier works on topological groupoids. Definition 1.4. Let G be a groupoid on Ob(G). If both the set G of morphisms and the set X = Ob(G) of objects have topologies such that the source and target maps s, t : G → Ob(G), the difference map δ : (h, g) → h •ḡ defined on the double pullback G× s G, and the unit map 1
Recall that a covering map p : X → X of connected spaces is called universal if it covers every covering of X in the sense that if q : Y → X is another covering of X then there exists a map r : X → Y such that p = qr (hence r becomes a covering). A covering map p : X → X is called simply connected if X is simply connected. So a simply connected covering is a universal covering.
Let X be a topological space admitting a simply connected cover. A subset U of X is called liftable if U is open, pathconnected and the inclusion U → X maps each fundamental group of U trivially. If U is liftable, and q : Y → X is a covering map, then for any y ∈ Y and x ∈ U such that qy = x, there is a unique mapî : U → Y such thatîx = y and qî is the inclusion U → X . A space X is called semi-locally simply connected if each point has a liftable neighbourhood and locally simply connected if it has a base of simply connected sets. So a locally simply connected space is also semi-locally simply connected.
The following proposition is proved in [5] as Theorem 1. We give a sketch of the proof since we need some details later. An alternative but equivalent construction of the topology is in [3, 10.5.8].
Proposition 1.5. If X is a locally path connected and semi-locally simply connected space, then the fundamental groupoid π 1 X may be given a topology making it a topological groupoid.
Proof. Let U be the open cover of X consisting of all liftable subsets. For each U in U and x ∈ U define λ x : U → π 1 X by choosing for each x ∈ U a path in U from x to x and letting λ x (x ) be the homotopy class of this path. By the condition on
for all α ∈ π 1 X(x, y) form a base for a topology such that π 1 X is a topological groupoid with this topology. 2
The following definition is due to Ehresmann [17] . Definition 1.6. Let G be a groupoid and X = Ob(G) a topological space. An admissible local section of G is a function
is open in X , and 3. tσ maps U topologically to tσ (U ).
Let W be a subset of G and let W have a topology such that X is a subspace. We say that (s, t, W ) is locally sectionable if for each w ∈ W there is an admissible local section σ : U → G of G such that: [10] , that the proof of this Corollary uses crucially the construction of the holonomy groupoid of a locally topological groupoid from [2] .
A review of monodromy groupoids
In this section we give a review of the constructions of the monodromy groupoid from [10] . The construction here is a generalisation to the groupoid case of a construction for groups in Douady and Lazard [16] .
Let G be a star topological groupoid, and let W be any subset of G containing X = Ob(G), and such that W = W . Then W obtains the structure of pregroupoid: this means that W is a reflexive graph, in the sense that it has the structure of maps
For further discussion of this, see for example Crowell and Smythe [14] . For our purposes, we do not need this, since we know already that W is embeddable in a groupoid.
There is a standard construction M(G, W ) associating with a pregroupoid W a morphismĩ : Let X be a topological space such that each path component of X admits a simply connected covering space. It is standard that if π 1 X is the fundamental groupoid of X , topologised as in [5] , and x ∈ X , then the target map t : (π 1 X) x → X is the universal covering map of X based at x (see also Brown [3, Chapter 9] ).
Let G be a star topological groupoid. The groupoid Mon(G) is defined from the universal covers of stars G x at the base point identities as follows: As a set, Mon(G) is the union of the stars (π 1 G x ) 1 x . The object set X of Mon(G) is the same as that of G. The initial point map s : Mon(G) → X maps all of (π 1 G x ) 1 x to x, while the target point map t : Mon(G) → X is defined on each (π 1 G x ) 1 x as the composition of the two target maps
As explained in Mackenzie [20, p. 67] there is a multiplication on Mon(G) defined by
where the inside the bracket denotes the usual composition of paths. So the path (b which by the universal property of the product, determine a functor
this functor is the identity on objects and is defined on morphisms by
We prove that
is a bijection for any two objects x = (x 1 , x 2 ) and y = (y 1 , y 2 ) Therefore the monodromy groupoid concept generalises both the fundamental groupoid of a topological space and the universal covering group of a topological group.
The Lie versions of the following results are given in [10] . 
Group-groupoid structure of monodromy groupoids
A group-groupoid, which is also known as 2-group in the literature, is a group object in the category of groupoids. This is an internal category in the category of groups (Porter [26] ). The category of group-groupoids is equivalent to the category of crossed modules (Brown and Spencer [12] ). For crossed modules see for example [24, 31, 32] . There are a large number of papers in the literature under the name of 2-groups. In this section we prove that the monodromy groupoid Mon(G) of a topological group-groupoid G is also a group-groupoid.
The formal definition of a group-groupoid we use is given by Brown and Spencer in [12] under the name G-groupoid as follows: Definition 3.1. A group-groupoid G is a groupoid endowed with a group structure such that the following maps, which are called respectively product, inverse and unit are morphisms of groupoids:
In a group-groupoid G for g, h ∈ G the group multiplication is written as hg while the groupoid composition is written as h • g when s(h) = t(g). The group inverse of g is denoted by g −1 while the groupoid inverse is denoted byḡ and e( ) is written e.
Note that the condition (i) is equivalent to the usual interchange law
for g, h, k, l ∈ G, whenever the compositions h • g and l • k are defined. The condition (ii) implies that 1 x −1 = 1 x −1 for x ∈ Ob(G), and when the groupoid composition h • g is defined (h
The condition (iii) implies that if e is the identity element of Ob(G), then 1 e is the identity of G. From Definition 3.1 the following properties, which we need in some detail, follow. 
Proposition 3.2. Let G be a group-groupoid:
, and therefore
In addition to this, if e ∈ X is the identity element of the group X , then 1 e = (e, e) is the identity element of G. From all these G is a group-groupoid. 2 Definition 3.5. Let G be a group-groupoid. If the set G of morphisms and the set Ob(G) of objects have topologies such that G is a topological groupoid and the maps in Definition 3.1 are continuous, then we call G a topological group-groupoid. Example 3.6. An abelian topological group G can be thought as a topological group-groupoid. Since the groupoid composition and group product are the same, by commutativity the interchange law is satisfied. 2 Example 3.7. Let X be a topological group. Then by Example 2.3, G = X × X is a topological groupoid and by Example 3.4 it is a group-groupoid. It is straightforward to check the continuity of the maps in the group structure. So, G = X × X is a topological group-groupoid. 2 Proof. We know by [3, 6.4.4 ] that π 1 (X × Y ) and π 1 (X) × π 1 (Y ) are isomorphic as groupoids. We now prove that they are homeomorphic. By Proposition 1.5, π 1 X is a topological groupoid and by [3, 10.5 .8], we know that the map (s, t) : π 1 X → X × X is a covering map and the fundamental group of π 1 X at x ∈ X is the fundamental group π 1 (X, x). Hence the object group of the covering map (s, t) : π 1 X → X × X at x ∈ X is trivial. By replacing X with X × Y we have a covering map
with trivial characteristic group at (x, y) ∈ X × Y . On the other hand we have another covering map
whose characteristic group at (x, y) is also trivial. Therefore the map π 1 Proof. Let X be a topological group as stated. By Proposition 1.5, π 1 X is a topological groupoid and by Example 3.3, it is a group-groupoid. So we need to prove that the group difference map
is continuous. Since the difference map X × X → X , (x, y) → xy −1 is continuous, by [3, Proposition 3] , the induced mor-
Let STopGrp be the category of locally path connected and locally simply connected topological groups and TGrpGpd the category of topological group-groupoids. Then π 1 : STopGrp → TGrpGpd is a functor.
Let X be topological group. We know from Example 3.4 that the topological groupoid G = X × X is a group-groupoid, and from Example 2.3 that the monodromy groupoid of G is the fundamental groupoid π 1 X , which is also a group-groupoid.
Therefore it is natural to ask if when the topological groupoid G is a group-groupoid, then is the monodromy groupoid Mon(G) of G also a group-groupoid or not. s) and H(s, 1) = b(s) . Then we define a homotopy K : I × I → G by K (s, t) = F (s, t) · G(s, t) . Here K (s, 0) = a 1 b 1 and K (s, 1) = ab. Since the group product G × G → G is continuous, K is continuous.
Let e be the identity element of Ob(G). Then the identity morphism 1 e at e in G is also the identity element of the group G. 
